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We report measurements of branching fractions of τ lepton decays to final states with a K0S
meson using a 669 fb−1 data sample accumulated with the Belle detector at the KEKB asymmetric-
energy e+e− collider. The inclusive branching fraction is measured to be B(τ− → K0S X
−ντ ) =
(9.15± 0.01± 0.15) × 10−3, where X− can be anything; the exclusive branching fractions are
B(τ− → π−K0Sντ ) = (4.16 ± 0.01 ± 0.08) × 10
−3,
B(τ− → K−K0Sντ ) = (7.40± 0.07 ± 0.27) × 10
−4,
B(τ− → π−K0Sπ
0ντ ) = (1.93± 0.02 ± 0.07) × 10
−3,
B(τ− → K−K0Sπ
0ντ ) = (7.48± 0.10± 0.37) × 10
−4,
B(τ− → π−K0SK
0
Sντ ) = (2.33± 0.03 ± 0.09) × 10
−4,
B(τ− → π−K0SK
0
Sπ
0ντ ) = (2.00 ± 0.22± 0.20) × 10
−5,
where the first uncertainty is statistical and the second is systematic. For each mode, the accuracy
is improved over that of pre-B-factory measurements by a factor ranging from five to ten. In
τ− → π−K0SK
0
Sπ
0ντ decays, clear signals for the intermediate states τ
−
→ π−f1(1285)ντ and
τ− → K∗−K0Sπ
0ντ are observed.
PACS numbers: 13.25.-k, 14.60.Fg, 13.35.Dx
I. INTRODUCTION
Hadronic τ decays provide a clean environment for the
study of low-energy hadronic currents. In these decays,
the hadronic system is produced from the QCD vacuum
via the charged weak current mediated by a W boson.
The τ decay amplitude can thus be factorized into a
purely leptonic part including τ and ντ and a hadronic
spectral function that measures the transition probabil-
ity to create hadrons out of the vacuum. The Cabibbo-
favored (non-strange) spectral function measured in the
ALEPH and OPAL experiments has been used for de-
tailed QCD studies and resulted in a precise determina-
tion of the strong coupling constant αs(M
2
z ) [1–3].
Decays of τ leptons to final states containing one
or more K0S mesons are of importance in order to ad-
dress issues in both Cabibbo-favored (non-strange) and
Cabibbo-suppressed (strange) spectral functions. In par-
ticular, by studying decays into final states that con-
tain an odd number of kaons, one can extract the
strange spectral functions and determine the Cabibbo-
Kobayashi-Maskawa (CKM) matrix element |Vus| [4–6].
On the other hand, modes with an even number of kaons
3play an important role in understanding the non-strange
vector and axial-vector components. Precision measure-
ments of the branching fractions for various processes are
essential for these studies.
Despite extensive studies of τ hadronic decays per-
formed at LEP and CLEO, prior to the B factory era,
Cabibbo and phase-space suppression have resulted in
limited statistics for the studies of kaon production in
hadronic τ decays [7–10].
Experiments at the B factories have provided improved
measurements of the branching fractions and spectral
functions for modes with kaons: τ− → π−K0Sντ [11],
τ− → K−π0ντ [12], three charged hadrons [13–15] and
modes that include an η meson [16, 17]. (Unless oth-
erwise specified, charged-conjugate decay modes are im-
plied throughout this paper.) Recently, the BaBar col-
laboration reported an improved branching fraction and
a first measurement for the rare decay processes τ− →
π−K0SK
0
Sντ and τ
− → π−K0SK0Sπ0ντ , respectively [18].
In this article, we report precision measurements of the
branching fractions of τ lepton decays for the inclusive
and various exclusive modes with K0S mesons in the final
state. The K0S → π+π− decay is used for the K0S meson
reconstruction. We measure the inclusive branching frac-
tion for τ− → K0S X−ντ , where X− stands for anything,
from the final state that containing K0S mesons in the
sample. The candidates are then classified according to
the number of K0S mesons, as well as the numbers of π
0,
π− and K− mesons. We use these sorted events to mea-
sure the exclusive branching fractions for the following
six modes:
τ− → π−K0Sντ ,
τ− → K−K0Sντ ,
τ− → π−K0Sπ0ντ ,
τ− → K−K0Sπ0ντ ,
τ− → π−K0SK0Sντ ,
τ− → π−K0SK0Sπ0ντ .
Since some modes are the main source of the backgrounds
for other modes, we measure the branching fraction of
these six modes simultaneously by means of an efficiency
matrix.
II. DATA SET, DETECTOR AND DATA
MODELING
The present analysis uses a data sample of 669 fb−1 col-
lected with the Belle detector at the KEKB asymmetric-
energy e+e− collider [19, 20] running on the Υ(4S) reso-
nance, 10.58 GeV, and 60 MeV below it (off-resonance).
This sample contains 616×106 τ+τ− pairs, which is two
orders of magnitude larger than those that were avail-
able prior to the B-factory experiments. The Belle de-
tector is a large-solid-angle magnetic spectrometer that
consists of a silicon vertex detector (SVD), a 50-layer
central drift chamber (CDC), an array of 1188 aerogel
threshold Cherenkov counters (ACC), a barrel-like ar-
rangement of time-of-flight scintillation counters (TOF),
and an electromagnetic calorimeter (ECL) comprised of
8736 CsI(Tl) crystals located inside a superconducting
solenoid coil that provides a 1.5 T magnetic field. An
iron flux return located outside of the coil is instrumented
to detect K0L mesons and to identify muons (KLM). The
detector solenoid is oriented along the z axis, pointing in
the direction opposite that of the positron beam. The
r − φ plane is transverse to this axis.
Two inner detector configurations are used in this anal-
ysis. A beam pipe with a radius of 2.0 cm and a 3-layer
silicon vertex detector are used for the first sample of
142×106 τ+τ− pairs, while a 1.5 cm beampipe, a 4-layer
silicon detector and a small-cell inner drift chamber are
used to record the remaining 474× 106 τ+τ− pairs [21].
The detector is described in detail elsewhere [22, 23].
The KKMC [24] code is used to generate the τ -pair pro-
duction e+e− → τ+τ−(γ), and the TAUOLA/PHOTOS [25,
26] codes to describe the τ lepton decays. The values of
the branching fractions in these codes are updated to the
recent measurements reported in Ref. [27].
The generated events are then passed through a full
detector simulation based on GEANT [28] and the same
analysis program as used for the data. The efficiencies
of the reconstruction of charged tracks and π0 and of
particle identification (PID) are calibrated with data and
corrections are applied to the Monte Carlo (MC) results
as discussed in Section IVB.
The background from non-τ events from continuum
e+e− → qq¯ (where q = u, d, s, c), BB¯ and two-photon
events is modeled with the JETSET [29], EVTGEN [30] and
AAFH [31] codes, respectively.
III. EVENT SELECTION AND
RECONSTRUCTION
The selection process, which is optimized to suppress
background while retaining high efficiency for the de-
cays under study, proceeds in two stages: the selection of
e+e− → τ+τ− events and the extraction of events that
contain one or more K0S mesons.
A. Selection of τ+τ− pair events
The τ -pair selection is focused on suppressing other
physical processes as well as keeping single-beam induced
background at a negligible level. Loose conditions are
applied for τ -pair selection in terms of the number of
charged tracks. We select events having at least two and
as many as six tracks with a net charge equal to zero or
±1. Each track is required to have a momentum trans-
verse to the beam axis (pT) greater than 0.1 GeV/c. It
must have a distance of closest approach to the interac-
tion point (IP) within ± 3.0 cm along the beam direc-
4tion (the z axis) and 1 cm in the transverse (r–φ) plane.
We include tracks that fail the IP condition if they are
daughters of K0S candidates. (Most K
0
S daughters satisfy
the IP requirement.) We also perform a vertex fit of the
tracks satisfying the IP requirement and require the pri-
mary vertex position to be within ± 3.0 cm along the z
axis and 0.5 cm in the r–φ plane.
Each photon (reconstructed from a cluster in the
calorimeter) must be separated from the nearest track
projection by at least 20 cm. The energy of each pho-
ton must be greater than 80 MeV in the barrel region
(31◦ < θ < 128◦) and greater than 100 MeV in the end-
cap regions (17◦ < θ < 30◦ and 130◦ < θ < 150◦), where
θ is the polar angle with respect to the z axis in the labo-
ratory frame. The sum in the center-of-mass (CM) frame
of the magnitudes of the track momenta and the ener-
gies of all photon candidates must be less than 9 GeV.
Backgrounds from two-photon and QED e+e− → ℓ+ℓ−
processes, where ℓ is an electron or muon, are reduced
by requiring the missing mass, Mmiss =
√
p2miss (where
pmiss = pinit −
∑
i ptrack,i −
∑
i pγ,i), and the polar an-
gle of the missing momentum in the CM frame to satisfy
1 GeV/c2 < Mmiss < 7 GeV/c
2 and 30◦ < θmiss < 150◦.
In the definition of the missing mass, ptrack,i and pγ,i
are the four-momentum of the i-th track and photon, re-
spectively, and pinit is the initial four-momentum of the
colliding e+e− system. The pion mass is assigned to all
of the measured tracks that are not identified as electrons
or muons.
The τ pairs are produced back-to-back in the e+e−
CM frame. As a result, the decay products of the two
τ leptons can be separated from each other by dividing
the event into two hemispheres. The hemispheres are de-
fined in the CM by the plane perpendicular to the thrust
axis nˆ, defined as the unit vector in the direction of the
thrust T = max [Σi|nˆ · ~pi|/Σi|~pi|], where ~pi is the mo-
mentum of the i-th particle, either a track or a photon.
Each event is required to have exactly one track in one
of the hemispheres (tag side) and one or more tracks in
the other hemisphere (signal side). The continuum back-
ground (e+e− → qq¯) is suppressed by requiring T > 0.9.
In addition, the sum of the charges of all tracks should
vanish, where we include here the daughters of all K0S
candidates. This requirement reduces background fur-
ther while sustaining the efficiency ofK0S candidates with
a relatively long flight length.
Particle identification for charged tracks is crucial in
this analysis. Information from several subsystems is
used to identify the type of charged particle: electron,
muon, pion and kaon. For lepton identification, we form
likelihoods L(e) for electron [32] and L(µ) for muon [33]
using the response of the appropriate sub-detectors. An
electron track is clearly identified from the ratio of the
energy deposited in the electromagnetic calorimeter to
the momentum measured in the tracking subsystems (the
E/p ratio) and the shower shape in the ECL at high mo-
mentum and from the dE/dx information measured in
the CDC at low momentum. We require L(e) > 0.9 to
identify electrons. Under these conditions, the efficiency
is greater than 95% and the fake rate is less than 1%.
A muon track is identified mainly from the range and
transverse scattering in the KLM detector. We require
L(µ) > 0.9 and a momentum greater than 0.7 GeV/c.
The efficiency is greater than 95% and the fake rate is less
than 3% for particles with momenta above 1.0 GeV/c.
To distinguish hadron species, we use a likelihood ratio
L(i/j) = Li/(Li+Lj), where Li (Lj) is the likelihood of
the detector response for a particle of type i (j). For sep-
aration of charged pions and kaons, the hit information
from the ACC, the dE/dx information in the CDC, and
the time-of-flight are used. On the signal side, a track not
identified as either an electron or a muon is identified as
a kaon (pion) when L(K|π) > 0.7(< 0.7). The kaon and
pion identification efficiencies are typically 83− 85% and
93 − 95%, respectively. The probabilities to misidentify
a pion as a kaon and a kaon as a pion are in the range
5− 7% and 15− 17%, respectively.
Events useful for this analysis are classified in the fol-
lowing three categories according to the contents of the
signal side: 1) one K0S , 2) two K
0
S and 3) one lepton. For
categories 1 and 3, the tag side contains one lepton, while
category 2 requires one charged track in the tag side. The
third category, with two leptons, is used for the normal-
ization of the branching fraction measurements.
B. Selection of events containing one K0S
For the modes with one K0S, the K
0
S → π+π− candi-
date is reconstructed from a pair of oppositely charged
tracks. The z-distance between the two helices at the
π+π− vertex position (zdist) must be less than 2.5 cm.
The pion momenta are then refitted with a common ver-
tex constraint. The flight length (ℓf ) of the K
0
S candi-
dates must be between 2 cm and 20 cm. The distance
of closest approach to the IP in the r–φ plane (dr) is
required to be larger than 0.1 cm for each daughter in
order to suppress the background from the tracks from
the primary vertex. The dr distribution is well repro-
duced by MC as shown in Fig. 1 (a). Figure 1 (b) shows
the distribution of the π+π− invariant mass of the K0S
candidates. A clear K0S signal is seen with a small back-
ground that is less than 1%. The signal window is defined
as the mass range 0.485 GeV/c2 < Mππ < 0.512 GeV/c
2,
which corresponds to a ±5σ window.
Events containing at least one so-defined K0S are as-
signed to the inclusive K0S sample irrespective of the ac-
companying particles on the signal side. The number
of inclusive τ− → K0S X−ντ events in this sample is ob-
tained from a fit to the π+π− invariant mass distribution
that uses the sum of three Gaussians for the signal and
a linear function for background. In the case where an
event contains two or more K0S candidates, one is chosen
arbitrarily for the fit. The fit, shown as the solid curve in
Fig. 1 (b), yields 397806±631 inclusive K0S signal events.
For the modes with one π0, π−K0Sπ
0ντ and
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FIG. 1: (color online) Selection of K0S → π
+π− candidates
in τ decays: (a) Distribution of the closest distance of ap-
proach to the IP in the r − φ plane for two K0S daughter
tracks of the K0S candidates. The background represented by
the shaded histogram, obtained by MC, consists of the tracks
from primary vertex. (b) Distribution of the invariant mass
M(π+π−) for the K0S candidates after applying all selection
requirements except the mass. The solid line is a fit with three
Gaussians for the signal and a linear background. The shaded
histogram stands for the background from τ− → π−π+π−ντ
obtained by MC. In both plots, the vertical lines represent
the K0S selection criteria.
K−K0Sπ
0ντ , the π
0 candidate is reconstructed from the
invariant mass of two photons detected on the signal side.
The normalized mass difference between the invariant
mass of the two photons and the nominal π0 mass (Mπ0),
Sγγ = (Mγγ −Mπ0)/σγγ , (1)
(where σγγ is the resolution of the invariant mass of
the two photons) is used to determine the number of
genuine π0’s and to estimate the level of background
from sidebands. The value of σγγ ranges from 0.004
to 0.009 GeV/c2, depending on the momentum and po-
lar angle of the π0 candidate. The Sγγ distribution for
events with one charged track and one K0S is shown in
Fig. 2. The lower-side tail of the Sγγ distribution is pri-
marily due to leakage of electromagnetic showers out of
the CsI(Tl) crystals and the conversion of photons in the
material located in front of the crystals. Good agree-
ment between data and MC indicates that these effects
are properly modeled by the MC simulation. We define
the interval −6 < Sγγ < 5 as the π0 signal region. We
also use both sideband regions, 8 < |Sγγ | < 11, for the
estimation of the spurious π0 background. The sideband
subtraction effectively removes the contamination of the
spurious π0 background in the selected samples.
As an alternative method, we count the number of the
π0 signal events by fitting the Sγγ distribution with the
following formula:
f(Sγγ) = Nπ0((1− α)S1(Sγγ) + αS2(Sγγ))
+NbgB(Sγγ), (2)
where N0π and Nbg are the yields of π
0 signal and non-
π0 background, respectively. S1(Sγγ) is the π
0 signal
probability density function (PDF) where both photons
from π0 are detected by the ECL directly, while S2(Sγγ)
is the π0 signal PDF where at least one photon is con-
verted by the material in front of the ECL. B(Sγγ) is
the PDF for non-π0 background. The shapes of S1(Sγγ),
S2(Sγγ) and B(Sγγ) are obtained from the MC simula-
tion and are parametrized with a logarithmic Gaussian
for S1(Sγγ) and S2(Sγγ) and a linear function for B(Sγγ).
The functional form of the logarithmic Gaussian is given
in Appendix. The parameter α is the probability that at
least one γ is converted. In the fit to the data, the value
of α is fixed to the MC value. The fit results for the
S1(Sγγ), S2(Sγγ), and B(Sγγ) components are shown in
Fig. 2. The area enclosed by the solid and dotted curves
represents the signal S1(Sγγ) component, the area en-
closed by the dotted and dot-dashed curves represents
the S2(Sγγ) component, and the hatched area indicates
the fake π0 background. The S2(Sγγ) component has a
tail in the lower Sγγ region, since part of the γ energy is
lost by the conversion. We obtain consistent results for
the branching fraction for both methods and assign the
difference, if any, as a systematic error.
The inclusive K0S sample is further subdivided into ex-
clusive modes according to the number ofK0S mesons, the
number of charged hadrons and the number of π0’s as:
π−K0Sντ , K
−K0Sντ , π
−K0Sπ
0ντ and K
−K0Sπ
0ντ . In or-
der to determine the exclusive decay mode and reduce the
contribution from decay modes with multiple π0’s, the
sum of the energies of any photons that are located on the
signal side and not used for the π0 reconstruction is re-
quired to be smaller than 0.2 GeV for all modes. Finally,
157836 π−K0Sντ , 32701 K
−K0Sντ , 26605 π
−K0Sπ
0ντ and
8267 K−K0Sπ
0ντ candidates are selected.
The selected number of events, as well as the back-
ground and selection efficiency discussed below, are sum-
marized in Table I.
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FIG. 2: (color online) Distribution of the normalized two-
photon invariant mass Sγγ = (Mγγ − Mpi0)/σγγ for τ
−
→
π−K0Sπ
0ντ candidates. The arrows indicate the signal and
sideband region. The area enclosed by the solid and dotted
curves represents the true π0 events reconstructed with two
unconverted photons, the area enclosed by the dotted and the
dot-dashed curves represents the true π0 events reconstructed
with at least one converted photon, while the hatched area
indicates the fake π0 background events.
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FIG. 3: Two dimensional distribution of the M(π+π−) in-
variant masses for K0SK
0
S candidate events in the τ decays.
The dotted box is the K0SK
0
S signal region.
C. Selection of events containing two K0S mesons
Since low branching fractions (O(10−4) – O(10−5)) are
expected for the modes with two K0S mesons, several se-
lection criteria are somewhat loosened for both K0S can-
didates compared to those used to select single K0S events
in order to increase the signal efficiency. For the selection
of K0S, the criteria for dr, ℓf and zdist are dr > 0.01 cm,
ℓf < 50 cm and zdist < 3.5 cm. In addition, the require-
ments for the tag side are loosened so that there is one
charged track and any number of photons. No particle
identification is required for the charged track.
Figure 3 shows the two-dimensional invariant mass
of the K0SK
0
S candidates; a clear K
0
SK
0
S signal is seen
with negligible background. The signal is selected
within the signal box 0.485 GeV/c2 < M(π+π−) <
0.512 GeV/c2, corresponding to a ±5σ window. The
τ− → π−K0SK0S(π0)ντ signal candidates are then se-
lected with the condition of one π− and two K0S (plus
one π0). Moreover, events where the energy sum of ex-
tra photons exceeds 0.3 GeV on the signal side are re-
jected. Finally, 6684 π−K0SK
0
Sντ and 303 π
−K0SK
0
Sπ
0
candidates are selected (summarized in Table I).
D. Selection of two-lepton events
The two-lepton events where both τ leptons decay lep-
tonically are used for the normalization of the branching
fraction measurements. Only events with two leptons of
different flavors (one electron and one muon) are used,
since di-electron and di-muon events are contaminated
by the radiative Bhabha and e+e− → µ+µ−(γ) processes,
respectively. We require the opening angle between the
two leptons to exceed 90◦ in the CM. This procedure
selects 7.66 ×106 e− µ events.
A detailed study using simulated data indicates that
the background comes from the two-photon process
e+e− → e+e−µ+µ−(γ) (1.6%) and one-prong τ decay
with leptonic τ decay on the other side, τ− → h−(π0)ντ ,
where h− = (π−, K−) is misidentified as a lepton (2.6%).
The total background fraction in selected events is found
to be 4.2%. The detection efficiency is (19.31 ± 0.03)%.
A comparison of the e−µ invariant mass distribution for
data and MC, shown in Fig. 4, indicates good agreement
and that the performance of the detector is well under-
stood. In addition, the total number of e − µ events
agrees within 0.38% with the expected number of events
obtained from the integrated luminosity, the τ -pair cross
section, and the leptonic τ branching fractions. This re-
sult is consistent with the uncertainty estimated in the
luminosity measurement.
IV. DETERMINATION OF THE BRANCHING
FRACTIONS
A. Formula for branching fraction measurements
We use two different normalization methods for the
determination of the branching fractions: one uses the
number of e−µ events while the other uses the integrated
luminosity. As the number of e−µ events obtained from
τ -pair selection is consistent with the one deduced from
the integrated luminosity measurement within 0.38%, the
normalization using either of them will lead to consistent
results. However, the resulting systematic uncertainties
for the branching fraction measurements differ.
In the first method, the branching fraction is given by
7TABLE I: Results of the event selection. Total efficiency (ǫ), number of selected events (NData), background fraction (RBg =
NBg/NData), and number of signal events after background subtraction and efficiency correction (NSig). The ǫ includes the
K0S → π
+π− branching fraction.
Decay mode ǫ (%) NData RBg(%) NSig
K0S X
− 9.66 397806 ± 631 4.20± 0.46 (3.947 ± 0.007) × 106
π−K0S 7.09 157836 ± 541 8.86± 0.05 (1.793 ± 0.005) × 10
6
K−K0S 6.69 32701 ± 295 3.55± 0.07 (3.193 ± 0.018) × 10
5
π−K0Sπ
0 2.65 26605 ± 208 5.60± 0.10 (8.336 ± 0.070) × 105
K−K0Sπ
0 2.19 8267 ± 109 2.43± 0.10 (3.226 ± 0.045) × 105
π−K0SK
0
S 2.47 6684± 96 7.89± 0.24 (2.447 ± 0.033) × 10
5
π−K0SK
0
Sπ
0 0.82 303± 33 11.60 ± 1.60 (2.105 ± 0.140) × 104
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FIG. 4: (color online) Distribution of e − µ invariant mass.
The closed circles are data and the histogram is the sum of
the signal and background in the MC. The hatched region
and cross-hatched regions are the contributions from τ− →
π−π0ντ and two-photon processes, respectively.
the formula
Bi = N
Sig
i
NSige-µ
BeBµ
Be + Bµ , (3)
where i represents the decay mode under study and NSigi
is the number of signal events after efficiency and back-
ground corrections, where one τ lepton decays into a sig-
nal mode and the other τ decays leptonically. NSige-µ is
the number of e − µ events after efficiency and back-
ground corrections. Be and Bµ are the branching frac-
tions for τ− → e−ν¯eντ and τ− → µ−ν¯µντ , respectively.
The world-average values, Be = (17.83 ± 0.04)% and
Bµ = (17.41± 0.04)% [27], are used. In this formula, the
systematics coming from the luminosity measurement,
tracking efficiency and the particle identification effi-
ciency cancel (completely or partially) in the ratio. The
branching fractions for the inclusive τ− → K0SX−ντ and
four exclusive decay modes, τ− → π−K0Sντ , K−K0Sντ ,
π−K0Sπ
0ντ , K
−K0Sπ
0ντ , are obtained using this formula.
Statistical uncertainty is an important issue for the
modes with two K0S ’s: τ
− → π−K0SK0Sντ and τ− →
π−K0SK
0
Sπ
0ντ . For these modes, we use all one-prong
decay modes on the tag side and determine the branching
fraction using the luminosity measured using the Bhabha
process:
Bi = N
Sig
i
2Nτ τ¯B1−prong , (4)
where B1−prong is the one-prong decay branching frac-
tion of (85.35 ± 0.07)%. Nττ = Lσττ is the number
of produced τ pairs determined from the luminosity,
L = (669 ± 9)fb−1, and the τ -pair production cross sec-
tion σττ = (0.919± 0.003)nb [34]. NSigi is the number of
signal events after efficiency and background corrections.
In both cases, the number of signal events is deter-
mined simultaneously by using the inverse efficiency ma-
trix to take into account the cross-feed from one decay
mode into another:
NSigi =
∑
j
(E−1)ij(NDataj −NBgj ), (5)
where i represents the true decay mode of interest and j
represents the reconstructed decay mode. NDataj is the
number of selected events in the j-th decay mode and
NBgj is the background coming from decay modes other
than the six modes under consideration together with
the non-τ processes. Hereinafter, we use “background”
to mean this. E−1 is the inverse of the selection efficiency
matrix (Eji being the probability of reconstructing a true
decay type i as a decay type j).
B. Background and efficiency
1. Background
The number of background events from τ decays other
than the six modes analyzed here is determined by the
TAUOLA MC using the world-average (PDG) branching
fractions [27]. The uncertainties of the PDG branching
fractions are used as a measure of the background uncer-
tainty.
The non-τ decay contributions are dominated by qq¯
continuum events. The background from qq¯ for each
8mode is confirmed with the data and MC simulation con-
trol sample. The control sample is prepared with the
same selection criteria as the signal, but requiring that
the invariant mass of the hadron system be larger than
the τ mass. With this selection, one eliminates the τ -
pair events and enhances the number of qq¯ events. The
number of selected events in data and MC are found to
be consistent within 20%. From this calibration, the qq¯
background is found to be 0.2–0.8% for the one-K0S cat-
egories. On the other hand, the two-K0S categories have
large qq¯ background: the fraction is 8–12%. The differ-
ence between data and MC in the control region is taken
as a systematic error of the qq¯ background estimation.
Backgrounds fromBB¯ and two-photon processes are neg-
ligible: 0.1–0.5% for two-photon events and < 0.1% for
BB¯. The fraction of the total background for each mode,
summarized in the fourth column of Table I, ranges from
2.4% to 12%.
2. Calibration and corrections
The particle identification efficiencies, as well as the
K0S and π
0 reconstruction efficiencies, are critical issues
for this analysis and difficult to reproduce using MC with
the required precision; it is necessary to calibrate them
using data. For this purpose, several control samples are
prepared for data and MC in order to check the relia-
bility of the MC simulation, and correction tables are
constructed.
The calibration of the particle identification efficiency
for charged pions and kaons is carried out using kine-
matically identified D∗− → D0π−(D0 → K−π+) decays,
where the kaon and pion from the D0 decay are known
from the charge of the accompanying slow pion. We
evaluate the identification efficiencies and misidentifica-
tion probabilities for this calibration sample and compare
them to MC expectations. From this comparison, we ob-
tain correction factors as a function of track momentum
and polar angle and apply these to the MC. The aver-
age correction factor for pions (kaons) is 0.971 ± 0.007
(1.002 ± 0.001). The accuracy of the correction factor,
which is a source of the systematic uncertainty for the
evaluation of the branching fraction, is limited by the
statistical uncertainties of the kaon and pion sample from
D∗− decays in certain momentum and angular bins and
the uncertainty of the D∗− signal extraction.
The calibration of the efficiency for electrons and
muons is carried out using two-photon events from the
reaction e+e− → e+e−ℓ+ℓ−(ℓ = e, µ). The efficiency cor-
rection table constructed for the two-dimensional space of
momentum and polar angle in the laboratory frame and
then applied to the Monte Carlo efficiencies. In this way,
the uncertainty on the lepton efficiency is determined by
the statistics of the two-photon data sample and its long-
term stability. The latter is evaluated from the variation
of the corrections calculated using time-ordered subsets
of the experimental two-photon data. The average cor-
rections are 0.981± 0.008 for electrons and 0.958± 0.005
for muons.
The reconstruction efficiency for the K0S as a function
of momentum has been studied by using a control sam-
ple from the decay chain D∗− → D0π−, D0 → K0Sπ+π−.
The number of K0S signal events that satisfy the full se-
lection is compared with the value determined by only
fitting the invariant mass distribution without any re-
quirements on the secondary vertex reconstruction. The
average correction factor is 0.979 ± 0.007.
The π0 reconstruction efficiency is studied using a sam-
ple in which both τ leptons decay into h±π0ντ , where h±
stands for π± or K±. In the study, we first measure the
ratio
Ri = N(h
−π0ντ |h+π0ν¯τ )/N(h−π0ντ |ℓ+νℓν¯τ ) (6)
for experimental data and the MC (i=data, MC).
Here, N(h−π0ντ |h+π0ν¯τ ) is the number of events with
both τ leptons decaying to h±π0ντ (double hπ0), while
N(h−π0ντ |ℓ+νℓν¯τ ) is the number of events where one τ
decays to h−π0ντ and the other to ℓ+ν¯ℓντ (single hπ0).
We then take the double ratio R = Rdata/RMC in which
many common factors, such as the normalization and
tracking efficiency, cancel. If we rely on the world-average
branching fractions for τ− → h−π0ντ and τ− → ℓ−ν¯ℓντ ,
the double ratio depends on the product of the correc-
tions of the π0 reconstruction and lepton ID efficiencies
only, where the latter is well-known from the two-photon
events as well as other studies. From the double ratio
R, the MC-data correction for the π0 efficiency is deter-
mined to be R = 0.957± 0.015. A result consistent with
this value is also obtained from a study using η decays,
where the ratio of the number of η events reconstructed
from η → γγ and η → 3π0 is compared in experimental
data and MC.
3. Efficiency matrix
After taking into account the corrections discussed in
the previous subsection, the efficiency matrix Eji is ob-
tained. The values of Eji and their uncertainties are sum-
marized in Tables II and III, respectively. For example,
the efficiency for selecting a true τ− → π−K0Sντ decay
as a π−K0S or K
−K0S candidates is (7.09 ± 0.12)% and
(0.35± 0.01)%, respectively. The uncertainty of the first
efficiency is dominated by the uncertainty of the pion
and lepton identification efficiency (0.8%) and the K0S
reconstruction efficiency (1.4%), while the uncertainty of
the second efficiency is dominated by uncertainty of the
misidentification efficiency from pion to kaon (3%). (The
detailed discussions of these uncertainties are given in the
next subsections.)
The efficiency for selecting a true τ− → π−K0Sπ0ντ
decay as a π−K0Sπ
0 or π−K0S candidate is (2.65±0.06)%
and (1.07± 0.02)%, respectively. The uncertainty of the
first efficiency includes the uncertainties for the charged
pion, K0S and π
0 identification. The uncertainty of the
9TABLE II: Probabilities Eji of the efficiency matrix for reconstructing a true decay type i as a decay type j, in %, for the
six decay modes under study. The first four rows shows the efficiency matrix for lepton tagging, while the last two rows show
efficiencies for lepton and hadron tagging. The efficiencies include the K0S → π
+π− branching fraction. The dash indicates
values smaller than 0.01%.
Selected True Decay mode
decay mode π−K0S K
−K0S π
−K0Sπ
0 K−K0Sπ
0 π−K0SK
0
S π
−K0SK
0
Sπ
0
π−K0S 7.09 1.65 1.07 0.31 0.67 0.13
K−K0S 0.35 6.69 0.06 1.01 0.04 0.01
π−K0Sπ
0 — — 2.65 0.54 0.51 0.23
K−K0Sπ
0 — — 0.11 2.19 0.01 —
π−K0SK
0
S — — — — 2.47 0.53
π−K0SK
0
Sπ
0 — — — — 0.04 0.81
TABLE III: Uncertainties [σE ]ji on the efficiency matrix (in %). The dash indicates values smaller than 0.001%.
Selected True Decay mode
decay mode π−K0S K
−K0S π
−K0Sπ
0 K−K0Sπ
0 π−K0SK
0
S π
−K0SK
0
Sπ
0
π−K0S 0.119 0.069 0.018 0.013 0.011 0.002
K−K0S 0.011 0.116 0.002 0.018 0.001 —
π−K0Sπ
0 — — 0.060 0.025 0.009 0.005
K−K0Sπ
0 — — 0.004 0.050 — —
π−K0SK
0
S — — — — 0.071 0.015
π−K0SK
0
Sπ
0 — — — — 0.001 0.027
π0 identification is estimated to be 1.5%. The same un-
certainty is assigned to the decays without the π0 meson.
It is worth noting that the migration efficiency for the
modes without π0 selected as the modes with π0 is negli-
gible because, as mentioned, the spurious π0 mesons are
subtracted using the events in the π0 sideband region.
C. Systematic uncertainties
The sources of systematic uncertainties can be cate-
gorized as those related to detection/reconstruction effi-
ciencies and other items such as hadron decay models,
background estimation, normalization and event selec-
tion such as the γ veto. The efficiencies have several
uncertainties, arising from track finding, particle identi-
fication, K0S and π
0 reconstruction and the π0 sideband
subtraction.
1. Uncertainty of tracking and particle identification
The uncertainty of the charged track finding efficiency
is 0.35% per charged track. Since the track finding un-
certainty partially cancels in Eq. (3), the net uncertainty
is 0.7% for the modes with one K0S and 2.1% for the
modes with two K0S , where the uncertainty for tracking
efficiency is added linearly assuming 100% correlation.
The uncertainties due to particle identification are es-
timated from the precision of the efficiency calibration
procedure. The uncertainty for the pion and kaon effi-
ciency is found to be 0.4% and 0.8%, respectively. The
uncertainties for misidentification from pion to kaon and
vice versa are found to be 3% for each. The uncertainty
for electron (muon) identification is 0.8% (0.5%).
The efficiency for the K0S reconstruction is studied
using a K0S control sample from the D
∗ → πsD0,
D0 → K0Sπ+π− decay chain by comparing the K0S yields
with and without vertex reconstruction (0.7%) as well
as by varying the requirements on dr, zdist, ℓf , and the
M(π+π−) window (1.2%). The net uncertainty from K0S
reconstruction is estimated to be 1.4%.
2. Uncertainty of π0 reconstruction
The uncertainty due to the correction of the π0 effi-
ciency is determined by using τ− → h−π0ντ samples.
The dominant uncertainty for π0 efficiency comes from
the method of counting the number of π0 events. Two
methods, one using the subtraction of sideband events
and the other using fits with a logarithmic Gaussian, are
used to estimate the signal and background π0. The un-
certainty of the π0 efficiency is estimated to be 1.5%.
3. Decay model dependence of the efficiency
The signal efficiency can potentially change depending
on the dynamics of the hadronic system. A test is per-
formed with a set of MC events generated according to
phase space (PS) in addition to the standard MC sam-
ple based on TAUOLA. For both sets, the invariant mass
distribution for the full hadronic system has been tuned
10
TABLE IV: Summary of the relative statistical and systematic uncertainties. The values in the row “Efficiency matrix” show
the diagonal elements of the covariant matrix in the first term of Eq. (7), which correspond to the total uncertainties of the
tracking, particle identification, and π0 and K0S reconstruction efficiencies. Each contribution is shown as sub-items using
parentheses. The total systematic uncertainty is obtained from the diagonal element of the covariance matrix given in Eq. (7).
△B/B (%)
Error Source K0S X
− π−K0S K
−K0S π
−K0Sπ
0 K−K0Sπ
0 π−K0SK
0
S π
−K0SK
0
Sπ
0
Statistical uncertainty 0.2 0.3 0.9 0.8 1.3 1.4 10.8
Efficiency matrix 1.6 1.7 2.1 2.3 2.4 2.9 4.0
Track finding (0.7) (0.7) (0.8) (0.7) (0.7) (2.1) (2.7)
Particle ID (—) (0.6) (1.0) (0.7) (0.8) (0.8) (1.0)
K0S reconstruction (1.4) (1.4) (1.5) (1.4) (1.4) (1.8) (2.3)
π0 reconstruction (—) (0.1) (0.2) (1.5) (1.5) (0.0) (1.5)
Hadron decay model — — 0.7 0.3 3.4 1.2 4.2
Background 0.5 0.2 0.3 1.9 0.4 1.8 3.2
Normalization 0.5 0.5 0.5 0.5 0.5 1.4 1.4
γ veto — 0.1 1.8 1.2 1.5 1.0 2.0
Total systematic uncertainty 1.7 1.8 3.7 3.5 4.9 4.0 10.1
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FIG. 5: (color online) Efficiency as a function of the hadron
mass for τ− → π−K0Sπ
0ντ . The open circles are the efficien-
cies obtained using the TAUOLA event generator. The closed
circles are obtained assuming a uniform angular decay dis-
tributions. The tagging and branching fraction factors are
included in the value of the efficiency.
to agree with that of experimental data. The subsystem
mass distribution in the three- or four-body decays and
their angular distributions differ between the TAUOLA and
PS models. The efficiency as a function of the π−K0Sπ
0
invariant mass in τ− → π−K0Sπ0ντ is shown in Fig. 5
for these models. In both cases, the efficiency changes
smoothly as a function of hadronic mass and the effi-
ciencies at the same hadronic mass agree in both cases
except for the mass region above 1.7 GeV/c2. This agree-
ment indicates that the efficiency is insensitive to the de-
tailed decay models of the hadronic system. We obtain
the net efficiency for the full mass region in both mod-
els and assign the difference between them as a system-
atic uncertainty due to the decay model. The resultant
model dependences for πK0Sντ , K
−K0Sντ , K
−K0Sπ
0ντ ,
π−K0SK
0
Sντ and π
−K0SK
0
Sπ
0ντ , range from 0.3 to 4.2%
as shown in the row labeled “Hadron decay model” in
Table IV.
4. Uncertainty of the background
The uncertainty due to the background from other τ
decays is estimated from the uncertainties of the world-
average branching fractions given in the PDG listing [27].
The uncertainty of the continuum background is esti-
mated from the difference between MC and data for the
control sample above the τ mass. Adding the uncertainty
from other τ decays and the uncertainty of the qq¯ con-
tinuum in quadrature, the background uncertainties for
each decay mode are in the range from 0.2% to 3.2% as
shown in Table IV.
5. Uncertainty of the normalization
The uncertainty due to the normalization is 0.5% for
the modes that use e − µ events for the normalization,
while the uncertainty for π−K0SK
0
Sντ and π
−K0SK
0
Sπ
0ντ
is 1.4%. The former uncertainty includes the uncertainty
of B(τ− → l−νlντ ) (0.1%) and the background uncer-
tainty in e − µ event selection (less than 0.1%). The
latter is dominated by the uncertainty of the luminosity
measurement.
6. Uncertainty of the γ veto
The uncertainty due to the γ veto is obtained by vary-
ing the condition on the energy sum of extra photons
Eexγ from 0.2 GeV to 1.0 GeV. The uncertainties for each
mode range from 0.1% to 2.0% as shown in Table IV.
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TABLE V: Correlation coefficients between the branching fraction measurements. Both statistical and systematic errors are
included.
π−K0S K
−K0S π
−K0Sπ
0 K−K0Sπ
0 π−K0SK
0
S π
−K0SK
0
Sπ
0
π−K0S 1 -0.230 -0.132 0.023 -0.019 0.004
K−K0S 1 0.043 -0.215 -0.001 0.000
π−K0Sπ
0 1 -0.204 -0.063 0.006
K−K0Sπ
0 1 0.002 0.000
π−K0SK
0
S 1 -0.230
π−K0SK
0
Sπ
0 1
7. Covariance matrix and error propagation
Taking into account all uncertainties discussed in the
previous sections, we obtain the covariance matrix for
the measured branching fractions. Since the branching
fractions are determined simultaneously by solving linear
equations, there is a correlation among the results. These
correlations are taken into account by the covariance ma-
trix. The full covariance matrix cov(Bi,Bj) is given by
the formula provided in Ref. [35],
cov(Bi,Bj) = fafbcov(E−1ia , E−1jb ) + E−1ik E−1jl cov(fk, fl),
(7)
where the indices indicate the decay modes of inter-
est, and the summation is assumed implicitly if the
same index is repeated. The quantity fj is defined by
Bi =
∑
j E−1ij fj and is given by
fj =
(NDataj −NBgj )
NSige-µ
BeBµ
Be + Bµ (8)
and
fj =
(NDataj −NBgj )
2Nτ τ¯B1−prong (9)
for the one K0S and K
0
SK
0
S cases, respectively.
The first term in Eq. (7) represents the covariance due
to the inverse of the efficiency matrix Eji. Assuming that
the elements Eji are uncorrelated, the term cov(E−1αβ , E−1ab )
can be expressed as
cov(E−1αβ , E−1ab ) = (E−1αj E−1aj )[σE ]2ji(E−1iβ E−1ib ). (10)
where [σE ]ji is the error of Eji. The values of [σE ]ji are
summarized in Table III. The error includes the uncer-
tainties due to the track finding, particle identification,
π0 and K0S reconstruction efficiencies.
Using Eq. (10), the correlations of the uncertainty for
the track finding, particle identification and K0S and π
0
reconstruction efficiencies for the individual modes as
well as the cross-feed among the modes are taken into
account. The total uncertainty as well as each contribu-
tion are summarized in the row of “Efficiency matrix”
and its sub-items in Table IV.
The second term in Eq. (7) includes the uncertainties
from the quantities contained in Eq. (8) and Eq. (9),
such as the common normalization, the background, and
the statistical uncertainty. We also include the model
dependence and the γ veto in this term.
Adding all systematic errors in Eq. (7), the total
covariance matrix cov(Bi,Bj) of the systematic uncer-
tainty is obtained. The square root of the diago-
nal element,
√
cov(Bi,Bi), is given in the last row
of Table IV. The correlation coefficients, defined as
cov(Bi,Bj)/
√
cov(Bi,Bi) cov(Bj ,Bj), are presented in
Table V, where both systematic and statistical uncer-
tainties are included. The largest correlation of about
−0.23 is observed for the modes where a charged pion
and kaon are interchanged.
D. Branching fractions and discussion
1. Inclusive branching fraction
The branching fraction for inclusive K0S, B(τ− →
K0SX
−ντ ), is determined from the total size of the inclu-
sive K0S sample discussed in Section III B using Eq. (3).
By applying the corrections for the PID and K0S recon-
struction, the signal efficiency is (9.66±0.15)% while the
background admixture is (4.20± 0.17)% among the total
selected events. The background is dominated by the qq¯
continuum. The systematic uncertainty is estimated to
be 1.7%. The resulting branching fraction is
B(τ− → K0SX−ντ ) = (9.15± 0.01± 0.15)× 10−3.
2. Exclusive branching fractions
The branching fractions of the six exclusive
modes, π−K0Sντ , K
−K0Sντ , π
−K0Sπ
0ντ , K
−K0Sπ
0ντ ,
π−K0SK
0
Sντ and π
−K0SK
0
Sπ
0ντ , are summarized in
Table VI. The precision ranges from 1.8% to 7.5% and
the systematic uncertainty is dominant except for the
mode τ− → π−K0SK0Sπ0ντ .
Figure 6 compares the branching fractions obtained in
this and previous experiments. Assuming that K0 − K¯0
mixing is negligible, the branching fractions involvingK0
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TABLE VI: Summary of the branching fractions of the τ lepton decays to one or more K0S obtained in this experiment and
previous experiments. The first uncertainty is statistical and the second is systematic.
Mode Branching Fraction Ref.
K0S X
−ντ (9.15 ± 0.01± 0.15) × 10
−3 This exp.
π−K0Sντ (4.16 ± 0.01± 0.08) × 10
−3 This exp.
K−K0Sντ (7.40 ± 0.07± 0.27) × 10
−4 This exp.
π−K0Sπ
0ντ (1.93 ± 0.02± 0.07) × 10
−3 This exp.
K−K0Sπ
0ντ (7.48 ± 0.10± 0.37) × 10
−4 This exp.
π−K0SK
0
Sντ (2.33 ± 0.03± 0.09) × 10
−4 This exp.
π−K0SK
0
Sπ
0ντ (2.00 ± 0.22± 0.20) × 10
−5 This exp.
π−K0SK
0
Lντ (1.01 ± 0.23± 0.13) × 10
−3 ALEPH [36]
π−K0Sπ
0π0ντ (0.13 ± 0.12± 0.00) × 10
−3 ALEPH [8]
π−K0Sηντ (0.44 ± 0.07± 0.03) × 10
−3 Belle [16]
π−K0SK
0
Lπ
0ντ (0.31 ± 0.11± 0.05) × 10
−3 ALEPH [8]
K0Sh
−h+h−ντ (0.115 ± 0.095 ± 0.04) × 10
−3 ALEPH [36]
)τν
0
K
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τ(Β
0.2 0.4 0.6 0.8 1
(a)
L3 95’
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CLEO 96’
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FIG. 6: (color online) Comparison of results on the branching fractions from this work and previous measurements for the six
decay modes : (a) π−K¯0ντ , (b) K
−K0ντ , (c) π
−K¯0π0ντ , (d) K
−K0π0ντ , (e) π
−K0SK
0
Sντ and (f) π
−K0SK
0
Sπ
0ντ . The band
represents the pre-B-factory world averages and their uncertainties [27].
are twice those with K0S. The accuracy of the branch-
ing fractions is improved by a factor of five to ten com-
pared to the pre-B-factory experiments. The branching
fraction for τ− → π−K0Sντ is consistent with our pre-
vious result [11] with improved precision and supersedes
our previous result. Our result also agrees with BaBar
(B(τ− → π−K¯0ντ ) = (8.40 ± 0.03 ± 0.23) × 10−3 [37])
within uncertainties. Recently, the branching fraction
for τ− → π−K¯0ντ has been estimated using the crossed
channel branching fraction B(K → πeν¯e) and the mea-
sured K0Sπ
− mass spectrum [38]. The result is B(τ− →
π−K¯0ντ )Kaon = (8.57± 0.30)× 10−3. Our result is con-
sistent with this prediction within uncertainties.
The branching fractions for τ− → K−K0Sντ and
τ− → K−K0Sπ0ντ are measured for the first time at
the B-factories. The results are consistent with the
previous experiments and have better precision. For
τ− → π−K0Sπ0ντ , the branching fraction is measured at
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the 4% level by Belle and BaBar, with a marginal 2.5σ
difference between two experiments. Recently, BaBar has
reported the branching fractions for the π−K0SK
0
Sντ and
π−K0SK
0
Sπ
0ντ modes [18]. Our results agree with those
of BaBar within errors.
The sum of all exclusive branching fractions with K0S ’s
measured in this experiment is (7.83± 0.12)× 10−3. By
adding the branching fractions of other modes containing
one or more K0S ’s but not measured in this experiment
(see Table VI), we obtain the total sum of (9.39±0.35)×
10−3, in agreement with the inclusive result of (9.15 ±
0.01 ± 0.15) × 10−3 within errors. The precision of the
exclusive sum is dominated by the uncertainties of the
branching fractions of the modes containing K0L.
V. MASS SPECTRA IN THE τ− → π−K0SK
0
Sπ
0ντ
SAMPLE
The invariant mass of the π0K0SK
0
S and K
0
Sπ
− subsys-
tem for the τ− → π−K0SK0Sπ0ντ selected sample is shown
in Fig. 7 (a) and (b), respectively. The M(π0K0SK
0
S)
distribution in Fig. 7 (a) shows a significant peak at
1280 MeV/c2, which is probably due to the f1(1285)
resonance. In addition, a small bump-like structure is
seen around 1420 MeV/c2. The M(K0Sπ
−) distribution
for the same τ− → π−K0SK0Sπ0ντ sample, in Fig. 7 (b),
shows a clear K∗ peak at 890 MeV/c2. These structures
are also seen as clear bands in the two-dimensional plot,
M(K0Sπ
−) versus M(π0K0SK
0
S), as shown in Fig. 7 (c).
It should be noticed that no clear resonance-like struc-
ture is observed in the other sub-mass distributions as
shown in Fig. 8. In particular, there is no ρ(770) signal
inM(π−π0) and no K0∗ signal inM(K0Sπ
0). Altogether,
this indicates the presence of two dominant components,
τ− → π−f1(1285)ντ and τ− → K∗−K0Sπ0ντ , in the final
state of the decay τ− → π−K0SK0Sπ0ντ .
In order to make a quantitative evaluation, we per-
form a simple amplitude analysis assuming incoher-
ent contributions of two intermediate processes τ− →
π−f1(1285)ντ and τ− → K∗−K0Sπ0ντ . In addition,
a possible contribution of f1(1420) production through
τ− → π−f1(1420)ντ is also examined.
A. Fitting formula
We fit both the M(π0K0SK
0
S) and M(K
0
Sπ
−) distribu-
tions in the decay τ− → π−K0SK0Sπ0ντ simultaneously,
assuming that the dominant signal processes are those
containing intermediate resonances f1(1285), f1(1420)
and K∗−, i.e., τ− → π−f1(1285)ντ , τ− → π−f1(1420)ντ
and τ− → K∗−K0Sπ0ντ . Hereinafter, we refer to these
decays as the f1, f
′
1 and K
∗− subprocesses, respectively.
We use an unbinned maximum-likelihood fit to ex-
tract the resonance parameters in the M(π−K0SK
0
S) and
M(K0Sπ
−) distributions. The likelihood function is given
by
L =
N∏
i
[
ff1+f ′1Pf1+f ′1(q1,i, q2,i;~a)
+ fK∗−PK∗−(q1,i, q2,i;~a)
+ (1 − ff1+f ′1 − fK∗−)PB(q1,i, q2,i;~a)
]
, (11)
where N is the total number of events in the sample, fj is
the fraction of the j-th category, where the index j stands
for f1 + f
′
1, K
∗− or the background (B) component. Pj
is the probability density function (PDF) for the j-th
component. The variables q1,i and q2,i are the invariant
masses of the subsystems, i.e., q1 = M(π
−K0SK
0
S) and
q2 = M(K
0
Sπ
−), for the i-th event. The vector ~a rep-
resents the resonance shape parameters. We are aware
of a possible interference between f1 + f
′
1 and K
∗− am-
plitude; however, our statistics are too low for a quanti-
tative study of this effect and so we ignore it in the fit.
We also assume that the PDF is given as the product of
individual PDFs for each variables; Pj = Pj(q1)Pj(q2)
for all components (j = f1 + f
′
1,K
∗−, background). As
a result, we have six PDF’s: Pf1+f ′1(qα), PK∗−(qα) andPB(qα) for α = 1, 2.
The PDF Pf1+f ′1(q1) is the M(π0K0SK0S) distribution
in the τ− → π−f1(1285)(f1(1420))ντ decays and is given
by
Pf1+f ′1(q1) ∝ |β BWf1(1285)(q21)
+(1− β) BWf1(1420)(q21)|2, (12)
where BWX(s) is the relativistic Breit-Wigner function
and β, a ratio of two resonances, is a real number.
BWX(s) is defined by
BWX(s) =
√
sMX
s−M2X + i
√
sΓX
, (13)
which describes the f1(1285) and f1(1420) resonance
shape. MX and ΓX are the nominal mass and width
for resonance X .
For the PDF PK∗−(q2), the Breit-Wigner function of
Eq. (13) is used to describe the K∗− resonance shape in
the M(K0Sπ
−) distribution:
PK∗−(q2) = |BWK∗−(q22)|2.
The PDF PK∗−(q1) is the M(π0K0SK0S) distribution
for the τ− → K∗−K0Sπ0ντ decay. In order to obtain
this component, we generate τ− → K∗−K0Sπ0ντ (K∗− →
K0Sπ
−) events using PYTHIA 6.4 [39], assuming phase
space for the K∗−K0Sπ
0 system (see the K∗−K0Sπ
0 con-
tribution in Fig. 7(a)). Note that this distribution is
insensitive to the detailed values of the K∗ resonance pa-
rameters. The two-dimensional plot, M(π0K0SK
0
S) ver-
sus M(K0Sπ
−), for the τ− → K∗−K0Sπ0ντ MC events is
shown in Fig. 7(d).
The PDF Pf1+f ′1(q2) is the M(K0Sπ−) distribution
for the τ− → π−f1(1285)(f1(1420))ντ decays. In
14
)2) (GeV/cS0KS0K0piM(
1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
2
Ev
en
ts
 / 
0.
02
 G
eV
/c
0
10
20
30
40
50
 
Data
All Fit
f(1420)-pif(1285) + -pi
0piS
0K*-K
τν S
0
 K0S K
-pi → -τ
qq
(a) )2) (GeV/cS0K-piM(
0.6 0.7 0.8 0.9 1 1.1
2
Ev
en
ts
 / 
0.
02
 G
eV
/c
0
10
20
30
40
50
60
(b)
)2) (GeV/cS0KS0K0piM(
1.1 1.2 1.3 1.4 1.5 1.6 1.7
)2
) (
Ge
V/
c
-
pi S0
M
(K
0.6
0.7
0.8
0.9
1
1.1
1.2
0
1
2
3
4
5
6
7
(c) )2) (GeV/cS0KS0K0piM(
1.1 1.2 1.3 1.4 1.5 1.6 1.7
)2
) (
Ge
V/
c
-
pi S0
M
(K
0.6
0.7
0.8
0.9
1
1.1
1.2
0
0.5
1
1.5
2
2.5
3
3.5
4
(d) )2) (GeV/cS0KS0K0piM(
1.1 1.2 1.3 1.4 1.5 1.6 1.7
)2
) (
Ge
V/
c
-
pi S0
M
(K
0.6
0.7
0.8
0.9
1
1.1
1.2
0
0.5
1
1.5
2
2.5
3
3.5
(e)
FIG. 7: (color online) Invariant mass of the (a) π0K0SK
0
S and (b) K
0
Sπ
− subsystem for τ− → π−K0SK
0
Sπ
0ντ candidates. In
both histograms, the solid circles with error bars are data, the hatched histogram is the background from τ− → π−K0SK
0
Sντ ,
and the shaded (yellow) histogram is the qq¯ background. The solid line is the result of the fit with the τ− → f1(1285)π
−ντ
+τ− → f1(1420)π
−ντ , τ
−
→ K∗−K0Sντ and background contributions. The f1(1285)π
−ντ +f1(1420)π
−ντ and K
∗−K0Sντ
contributions are shown by the dashed (red) and dotted (green) line, respectively. The two-dimensional plot of the invariant
masses of K0Sπ
− and π0K0SK
0
S system for (c) τ
−
→ π−K0SK
0
Sπ
0ντ candidates in data. Two-dimensional plots of the MC
events for (d) τ− → K∗−K0Sπ
0ντ and (e) τ
−
→ π−f1(1285)ντ + π
−f1(1420)ντ processes. The dotted curve in (c)-(e) shows
the kinematic boundary where the invariant mass of the π−K0SK
0
Sπ
0 system is equal to the τ -lepton mass.
order to obtain this component, we generate τ− →
π−f1(1285)ντ (f1(1285) → K0SK0Sπ0) events with the
PYTHIA 6.4 code [39] and obtain the shape of the
M(K0Sπ
−) distribution (see the f1(1285)π−+f1(1420)π−
contribution in Fig. 7(b)). The same two-dimensional
plot for the τ− → π−f1(1285)ντ+π−f1(1420)ντ is shown
in Fig. 7(e).
The dominant background for the τ− → π−K0SK0Sπ0ντ
sample is due to the τ− → π−K0SK0Sντ decay with
a fake π0. In addition, there is a small contribution
from the qq¯ continuum. In order to model the back-
ground component, we tune the mass distribution of
the τ− → π−K0SK0Sντ MC events to agree with the
data. The background PDF PB(qi), prepared from the
MC prediction, is shown by the shaded histograms of
M(π−K0SK
0
S) and M(K
0
Sπ
−) in Fig. 7(a) and (b), re-
spectively.
B. Fit results
The fit results with f1(1285)π
−ντ , f1(1420)π−ντ ,
K∗−K0Sπ
0ντ and background contributions reproduce
the data quite well as shown by the solid line in Fig. 7
(a) and (b).
The significance of the f1(1420) component is obtained
from the negative log-likelihood difference with and with-
out the f1(1420) signal, S = −2ln(L0/Lmax), where Lmax
and L0 is the likelihood with and without the f1(1420)
resonance, respectively. We obtain S = 30 with a change
of the number of degrees of freedom by 3. From these
results, we conclude that the significance of the f1(1420)
is 4.8σ. In the same way, the significances of f1(1285)
and K∗− are 12σ and 7.8σ, respectively.
As a result of the fit, the masses and widths for the
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FIG. 8: (color online) Invariant mass distributions of the sub-mass systems for τ− → π−K0SK
0
Sπ
0ντ ; M(π
−π0), M(K0Sπ
0),
M(K0SK
0
S), M(K
0
SK
0
Sπ
−) and M(K0Sπ
−π0). The solid circles with error bars are data. The blank (red) histogram is the
sum of the signal τ− → π−K0SK
0
Sπ
0ντ and background modeled by MC. The hatched histogram is the background from
τ− → π−K0SK
0
Sντ and the shaded (yellow) histogram is the qq¯ background. See the text for details of the signal model for
τ− → π−K0SK
0
Sπ
0ντ .
f1(1285), f1(1420) and K
∗− are determined to be
mf1(1285) = 1274± 3 MeV/c2,
Γf1(1285) = 20± 4 MeV/c2,
mf1(1420) = 1425± 2 MeV/c2,
Γf1(1420) = 42± 19 MeV/c2.
mK∗− = 890± 3 MeV/c2,
ΓK∗− = 48± 2 MeV/c2.
These results are consistent with the world averages [27].
The fractions of the three hadronic currents in τ− →
π−K0SK
0
Sπ
0ντ are determined to be (34±5)%, (12±3)%
and (54 ± 6)% for the f1(1285)π−ντ , f1(1420)π−ντ and
K∗−K0Sπ
0ντ modes, respectively.
Using the fraction of each component, the products of
the branching fractions for the subprocesses are deter-
mined to be
B(τ− → f1(1285)π−ντ ) · B(f1(1285)→ K0SK0Sπ0)
= (0.68± 0.13± 0.07)× 10−5,
B(τ− → f1(1420)π−ντ ) · B(f1(1420)→ K0SK0Sπ0)
= (0.24± 0.05± 0.06)× 10−5,
B(τ− → K∗−K0Sπ0ντ ) · B(K∗− → K0Sπ−)
= (1.08± 0.14± 0.15)× 10−5.
The first uncertainty is statistical and the second is sys-
tematic. The systematic uncertainties are estimated by
using different fit methods, such as a 1-D fit and a
simultaneous fit of two sub-mass distributions. Both
statistical and systematical uncertainties of B(τ− →
π−K0SK
0
Sπ
0ντ ) are taken into account as well.
In addition, we examined other subsystems by gener-
ating MC events with the ratios of three processes ob-
tained by the above-mentioned fit shown in Fig. 8. The
blank histograms (red), the sum of the f1(1285)π
−ντ ,
f1(1420)π
−ντ , and K∗−K0Sπ
0ντ processes and the other
backgrounds, show the expected distributions of the in-
variant masses of the other subsystems in the τ− →
π−K0SK
0
Sπ
0ντ sample. We use the shape of these three
processes obtained by PYTHIA 6.4 [39] and the fit results
for the relative ratio of these components. A small contri-
bution due to the interference between the f1(1285) and
f1(1420) resonances is ignored. The invariant mass dis-
tributions of all subsystems are explained by this model
quite well in our data.
VI. CONCLUSIONS
Using 616 × 106 τ+τ− events collected with the Belle
detector, we measure the inclusive K0S and six exclu-
sive branching fractions and the covariance matrix for
hadronic decays of the τ lepton containing K0S: π
−K0Sντ ,
K−K0Sντ , π
−K0Sπ
0ντ , K
−K0Sπ
0ντ , π
−K0SK
0
Sντ and
π−K0SK
0
Sπ
0ντ . Our results are summarized in Table VI.
The result for τ− → π−K0Sντ supersedes our previous
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measurement [11]. The accuracy for τ− → K−K0Sντ ,
τ− → π−K0Sπ0ντ and τ− → K−K0Sπ0ντ is improved
over that of previous experiments by one order of mag-
nitude.
The combined fit of the invariant masses of the
π0K0SK
0
S and π
−K0S system in the τ
− → π−K0SK0Sπ0ντ
events indicates the presence of the K∗−K0Sπ
0ντ ,
f1(1285)π
−ντ and f1(1420)π−ντ components with sig-
nificances of 7.8σ, 12σ and 4.8σ, respectively. Using the
branching fractions of the intermediate resonances to the
corresponding final states from [27], the branching frac-
tions for the π−K0SK
0
Sπ
0ντ final state via hadronic cur-
rents are determined to be B(τ− → f1(1285)π−ντ ) =
(0.68 ± 0.13 ± 0.07) × 10−5, B(τ− → f1(1420)π−ντ ) =
(0.24±0.05±0.06)×10−5, and B(τ− → K∗−K0Sπ0ντ ) =
(1.08± 0.14± 0.15)× 10−5.
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Appendix
In this appendix, we provide the description of the log-
arithmic Gaussian that is used to model the γγ invariant
mass distribution, which is inadequately described with
a pure Gaussian distribution. This function is useful for
modeling the distribution that has an asymmetrical tail.
The normalized logarithmic Gaussian f(x) is given by
f(x) =
η√
2πσσ0
exp
(
− ln
2 (1− η(x− xp)/σ)
2σ20
− σ
2
0
2
)
,
(14)
where xp, σ and η are free parameters in this function.
The parameter xp represents the peak position, σ char-
acterizes the mean standard deviation of the distribution
and η represents the asymmetry of the distribution. As
η approaches zero, this distribution collapses to a Gaus-
sian. The variable σ0 is determined by η as
σ0 =
2
ξ
sinh−1
(
ηξ
2
)
(15)
with ξ = 2
√
ln 4 ∼ 2.35. The left and right standard
deviation (σ±) and the x-values (X±) for which the dis-
tribution decreased by a factor of P from the value at
the maximum of the distribution are given by
σ± = ±σ
η
(
1− e∓ σ0ξ2
)
(16)
X± = xp +
σ
η
(
1− e∓σ0
√
2 lnP
)
. (17)
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